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Abstract. In this short note, we prove an optimal inequality of Alexan- 
drov angles for elliptic isometries of finite order on any CAT(k) space, 
and the equality case leads to an isometrically embedded circle in the 
completion of the space of directions, which implies that there is a 2-flat 
in the tangent cone rotated by the induced action of the isometry. 



1. Introduction 

In CAT(k) space elliptic isometries one usually deals with are those of 
finite order. For such an isometry, we would like to know what angle it 
turns a point that is not fixed. The simplest example is a rotation of order 
n on a plane. In this case every point is turned by an angle 2ir/n except 
the fixed point. For an orthogonal transformation with finite order in 
one can show that any non-fixed point is turned by an angle at least 2ir/n. 
For n > 3, this lower bound is achieved iff there is a 2-dimensional invariant 
subspace such that the action restricted on it is a rotation of angle 2-njn. 
Now the Gromov link condition on piecewise Euclidean 2-complexes says 
that the complex is CAT(O) iff any closed curve in the link at any point has 
length at least 2tt, so one may think that the lower bound is still valid in 
this case. It is natural to expect the same for a general complete CAT(O) 
space, i.e. 2tt/ti is a lower bound for the angle. 

Concerning the above question, the only result which the author can find 
is the following simple estimate by Caprace and Monod: Let A be a complete 
CAT(O) space, and g be an elliptic isometry of finite order n on X. For any 
point x not fixed by g, denote by c the closest point to x in Fix(g). (Then c 
has to be the circumcenter of the orbit of x.) In the middle of their proof of 
Alexandrov angle rigidity ( jCM09j Proof of Proposition 6.8), they showed 
that Z c (x,g ■ x) > 1/n. This lower bound is much smaller than the one we 
want. 

In this paper, we will not only show that 27r/n is a lower bound for an 
elliptic isometry in a CAT(O) space, but we will show a more general result 
for finite order elliptic isometries on a CAT(k) space. We suppose n > 3, 
since for n = 2 the inequality is trivial and is actually an equality. 

Theorem I. Let g be any elliptic isometry with finite order n > 3 on a 
complete CAT(k) space X, and x be a point not fixed by g. If k > assume 
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that the orbit of x by g has radius less than 7t/(2\/k). Then 

2vr 

Z c (x,5 • x) > — 
n 

where c is the circumcenter of the orbit of x. 

Moreover, analogous to the situation in M. k , we have an invariant 2-flat in 
the tangent cone when this bound is achieved. 

Theorem II. Ifn > 3 and Z c (x,g-x) = 2ir/n, then the concatenation of the 
geodesic segments [g % -X->9 l+l ■ x] i- n S P {X) forms an isometrically embedded 
circle of length 2ir, where x is the direction of geodesic from p to x. Also the 
tangent cone at c contains a 2-flat on which g induces a rotation of angle 
2n/n. 

2. Proof of the lower bound 

We recall the definition of space of directions ([BH99J Dcf. II. 3. 18). 

Definition 2.1. For any p £ X, consider all the non-trivial geodesies issuing 
from p. Define an equivalent relation on the set by 7 ~ 7' iff the Alexandrov 
angle between them Zp(7, 7') = 0. The equivalent classes under this relation 
form a metric space with Alexandrov angle Z(-, •) as the metric. This metric 
space is the space of directions at p and is denoted as S P (X). 

By a theorem of Nikolaev ( }BH99j Theorem II. 3. 19), as long as X is a 
metric space with curvature bounded above by some k, then the completion 
of S P (X) is a CAT(l) space. 

The following is a simple lemma. We include a proof which will be referred 
to later. 

Lemma 2.2. Let a be a closed curve on the unit 2-sphere. If a is shorter 
than 2n, then there is a point m on the sphere such that a is contained in the 
hemisphere B(m,ir/2), where the metric is the angle metric on the sphere. 

Proof. Take two points x, x' on the curve a that divide it into two curves 
of equal length. Now d(x, x') < tt so there is a unique geodesic segment 
joining x and x' , and we let m be the midpoint of this segment. Then m 
satisfies the desired condition. For if not, let z be a point on curve a with 
d(z,m) > ir/2. Call the subcurve of a on which z lies as ct\. Rotate the 
sphere for an angle ir about the axis through m, and let z' , cJ x be the rotated 
images of z and a.\. Now d(z,z') = 2d(z,m) > tt, but there is a path on 
ct\ U at'i joining z to z' with length equal that of a±, which is shorter than 
7r, a contradiction. □ 

The main ingredient of our proof is the majorization theorem of Reshet- 
nyak. 

Theorem 2.3 (Reshetnyak majorization theorem |AKPj ) . Any closed curve 
a in a CAT(k) space U is majorized by a convex region D in M 2 {n), i.e. 
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there is a distance non-increasing map from D to U such that its restriction 
to the boundary dD is mapped to a preserving the length. 



For k < 0, define a map exp" 1 : X\{p} — > S p (X) which maps every point 
x different from p to the direction represented by the geodesic segment [p, x}\ 
for k > 0, define exp" 1 similarly but with domain B(p,ir/y^K) \ {p}. 

Let K be a compact set in X. If k > assume that K has radius less 
than tt/(2^/k). By Theorem B of |LS97j any bounded set of radius less than 
ir/(2y/K) in a complete CAT(k) space has a unique circumcenter ; while if 
k < the uniqueness of circumcenter of any bounded set is automatic. Let 
p be a point in X such that K ^ {p}, and let r = sup xeK d(p, x). 

Proposition 2.4. If the image of dB(p,r)f]K under exp" 1 is contained in 
B(m, 7r/2) for some point m G S P (X), then p is not the circumcenter of K. 



Proof. Denote by A(p,r\,r2) = {x : r\ < d(p,x) < r2} a closed annulus. 
We claim that there exists e > such that the image of A(p, r — e,r) n K 
under exp" 1 is contained in B(m,n/2). If not, then the sets 

expp 1 ^A (p, r - r ) ^KJ\B (m, ^ 
are non-empty for every m > 1, hence 
exp- 1 {dB{p,r)nK)\B 



7T 

m, — 
2 



= P ^exp" 1 ^(p,r-J,r)nKj\B(m,^j 

is an intersection of a decreasing sequence of non-empty compact sets, so 
is non-empty, a contradiction to the assumption. Let Q be the image of 
A(p, r — e, r) n K under exp^ . 

As m is in the completion of the space of directions S P (X), we can pick 
a point 7 G S p (X) representing a geodesic 7([0, si]), where 7(0) = p, close 
enough to m such that Q C £(7, tt/2). Since Q is a compact set, there 
exists p < ir/2 such that Q C B{^/,p). From the first variation formula for 
CAT(k) space, 

cosZ„(7 • ,x = lim K — ' yiK h ' > cosp > 0, 

s->0 S 



so for every x G r — e, r) n ET, distance from x to the segment 7([0, s\]) 
is less than r. On 7Q0, si]) there is a unique point, which is different from 
p, that realizes this distance, and the distance d{-,x) decreases along 7 from 
p to this nearest point. If k > 0, then the above follows from the fact that 
closed ball with radius less than tt/{2^/k) is strictly convex; while if k < 
the above is a result of the convexity of the distance function. 

Define d x (s) := d(x, r y(s)) on [0, s±] for x G A(p,r — e, r) n -KT. We claim 
that there exists sq > such that for any x the minimum of d x (s) is not 
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attained in [0, so]. Assume otherwise, then there exists a sequence X{ £ 
A(p, r — e, r) n A such that d Xi {s) attains minimum at with Sj — > 0. 
Since d x .(si) is bounded above by r, and A(p, r — e,r) (1 K is compact, by 
passing to a subsequence we may assume xi — > x$ £ A(p, r — e, r) n A and 
dxi(si) — > C. Then by continuity of d(-, •) we have d Xo (0) = lim^ d Xi (si) = C. 
For any e' > 0, d Xi (s) > d Xi (si) > C — e' for i large enough, so d XQ (s) = 
liniid Xi (s) > C — e', thus d XQ (s) > C for all s G [0, si]. Since d XQ {Q) = C, 
so d XQ (s) attains minimum at 0, a contradiction to the previous paragraph. 
Hence the claim. So 

(2(7(s ),z) < d(p,x) 

for any x £ -A(p, r — e, r) n A'. We may assume so < e, then for any x £ 
B(p, r — e) n A we have 

d(7(s ), a:) < d(p, a:) + d(p, j(s )) = d(p, x) + s < d(p, x) + e < r. 

From these two inequalities we have sup xeK d('y(so) , x) < r. Thus p is not 
the circumcenter of A. □ 

With the above results we show Theorem [U 

Proof. Note that Theorem B of |LS97] asserts that the orbit of x has a unique 
circumcenter for the case k > 0, so the point c is well-defined. Suppose on 
the contrary that Z c (x,g ■ x) < 2ir/n. Joining exp~ 1 (g t • x) successively 

by geodesic segments in S C (X), we obtain a closed n-gon in S C (X) with 
length less than 2ir. Apply the Reshetnyak majorization theorem, we get 
a distance non-increasing map from a convex region on the unit 2-sphere 
to S C (X) such that the boundary of the convex region is mapped to the 
n-gon both of which have the same length. By Lemma 12.21 there exists a 
point m on the 2-sphere such that B(m, 7r/2) covers the convex region, and 
from the construction of m in the proof it follows that m is in the convex 
region. Let m be the image of fn in S C (X). As the map does not increase 
distance, the n-gon is in B(m, 7r/2). Proposition 12.41 implies that c is not 
the circumcenter, a contradiction. □ 

Next we show Theorem HI1 by using Theorem U to derive a contradiction. 

Proof. We claim that joining any two consecutive segments gives a local 
geodesic. For this it suffices to show that for any m £ [x, g • xL d(m, g ■ m) = 
2ir/n. Suppose not, then take m £ [Xi9'X] such that d(m, g-m) < 2ir/n. The 
segments [g % ■ m, g t+1 • m] form a curve shorter than 2tt, so using Reshetnyak 
majorization theorem as before this curve is contained in an open ball of 
radius tt/2. Since S C (X) is CAT(l), the orbit of m has a unique circumcenter 
q in S C {X), which is fixed by g. The distance between q and the orbit of x 
equals d(q, x), and by Proposition I2.4l this distance is at least 7r/2, otherwise 
c could not be the circumcenter of the orbit of x, so there exists x' £ [X) m ] 
with d{ X ',q) =tt/2. 
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Applying Theorem [J to S C (X) and the orbit of m, we see that Z q (m,g ■ 
m) > 2ir/n. Then 

^ q (x, m) + Z q (m, g-x') = ^q{g • x', 9 ■ m) + Z 9 (m, 3 • x') 

> Z 5 (m,g • m) > — , 



d(x', m) + d(m, 3 ■ x') < d(x', m) + d(m, g ■ x) + d(g ■ x,9 ■ x') 
= d(x', m) + d(m, 5 • x) + d (x, x') 

= d(x,g- x) = —■ 

n 

Construct the comparison triangles A(g, x'>^) °f A(<7, x'> m ) an d A (77, m, 5 • x') 
of A(q,m,g • x') on the unit 2-sphere on the opposite sides of [q, m]. Since 
d(q,m) < 7r/2, the segments [x'j^] and [m, g ■ x'] do not form a geodesic, 
so 

2tt 

d(x',9- xO < d(x',m) + d(m,g- x') = d(x',rn) +d(m,g- x') < — , 

n 

As d(q,x f ) = d(q,g-x') = 7r/2, in the triangle A(q,x',g-x') we have 
^■qix',9- X 1 ) = d(x',9- X') < 2vr/n. But we have 

Zg(x',5 • x') = Zg(x',m) + Z.g(m,g- x') 

2lT 

> Z g (x', ™) + Z g (m, g-x')> —■ 

Hence a contradiction. (Note that here if we used x instead of x'> then 
d(<?,x) > 7r /2 only implies Zq(x,9~ r x) > d(x, <? • x) > anc l the argument would 
not work.) 

The claim means that the concatenation of [g l -Xi 9 %+l 'X] IS a local geodesic 
in the CAT(l) space S C (X), thus it is an isometric embedding of a circle of 
length 2ir. 

The Euclidean cone over this circle is a 2-flat in the tangent cone. Since 
g acts on the circle by rotation of 2ir/n, this gives the same rotation by g 
on the tangent cone. □ 

Finally, we give an inequality on distances between 3 consecutive orbit 
points in CAT(O) space using the above inequality. We suppose the order 
of g is at least 4, since if the order is 3, the orbit points must form an 
equilateral triangle. 

Corollary 2.5. Let X be a complete CAT(O) space. Suppose g has order 
n > 4. For any point x not fixed by g, 



n 



while 




with equality holds iff g % ■ x are vertices of an isometrically embedded flat 
regular n-gon. 
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Proof. To simplify notation we denote g • x and g 2 ■ x by y and z. Consider 
the two comparison triangles A(c, x,y) and A(c, y, z) on the flat plane with 
c and y as their common vertices, and place x and ~z on opposite sides of 
edge [c,y]. These two triangles are congruent isosceles triangles. 
In the case Z.c(x,y) > vr/2, we have strict inequality 

d(g 2 ■ x, x) < d(g 2 ■ x, c) + d(c, x) = d(z, c) + d(c, x) 

< V2d(x, y) = V2d(g ■ x,x) < 2 cos ( — ) dig ■ x, x) . 

\nJ 

In the case Zc(x,y) < vr/2, draw segment [x,z] intersecting segment [c, y] 
at the point p. By Theorem [I] we get 

(2.1) Zc(x,y)>Z c (x,y)>2ir/n, 
hence 

(2.2) Mv,f) = ~Mx,y) > 

2 n 

and 

(2.3) d(p,x) = d(z,p) = d(x,y) cos Z Y (y,p) < cos (j^j d(x,y) 

Let p be on geodesic segment [c, y] such that d(c,p) = d(c,p). It follows that 

d(g 2 ■ x, x) < d(g 2 • x, p) + x) < d(z, p) + d(p, x) 

(2.4) /vr\ /vrx 

< 2 cos y— J d(x, y) = 2 cos J d(p • x, x) 

Hence the inequality. 

If the equality holds, by (|2.3p and (|2.4p Z.x(y,p) = n/n, so from (|2.ip and 
(|2.2p we have Zc(x,y) = Z c (x,y) = 2ir/n. Then the Flat Triangle Theorem 
implies that A(c, x,g ■ x) is flat, so is A(c, y • x, y 2 • x). Moreover, from (|2.4p 
ci(<7 2 ■ cc, cc) = d(g 2 ■ x,p) + d(p,x), so [g 2 • U \p,x] is a geodesic, which 
implies that A(x, g ■ x, g 2 ■ x) is flat. Hence Z g . x (x, g 2 ■ x) = (n — 2)n/n, thus 
the sum of the angles of the n-gon equals (n — 2)tt, so by a corollary of the 
Flat Quadrilateral Theorem ( |BH99| Exercise 11.2.12(1)), the convex hull of 
the n-gon is isometric to a flat regular n-gon. The converse is clear. □ 
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